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Abstract This paper studies the problem of scheduling working hours of team

drivers in European road freight transport where a sequence of k locations must be

visited within given time windows. Since April 2007 working hours of truck drivers

in the European Union must comply with regulation (EC) No 561/2006. These

regulations impose standard limits on the daily driving times of truck drivers and

extended daily limits that may only be used twice a week for each driver. We

present a depth-first-breadth-second search method which can find a feasible

schedule complying with standard daily driving time limits in O(k2) time, if such a

schedule exists. Furthermore, we show that this method can also be used to find

schedules complying with regulation (EC) No 561/2006 if daily driving times may

exceed the standard limit.

Keywords Vehicle scheduling � Regulation (EC) No 561/2006 �
Drivers’ working hours

1 Introduction

The European Transport Safety Council (2001) estimates that driver fatigue is a

significant factor in approximately twenty per cent of commercial road transport
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crashes and reports that one out of two long haul drivers has fallen asleep while

driving. To improve road safety and working conditions of drivers, the European

Parliament and the Council of the European Union have adopted regulation (EC) No

561/2006 laying down provisions concerning driving and working hours of drivers

in road transport. This regulation entered into force in April 2007 and applies to

drivers of vehicles with a total mass of at least 3.5 tonnes and vehicles constructed

to carry more than nine persons. According to the new regulation, road transport

undertakers can be made liable for infringements committed by drivers. Neglecting

regulatory constraints when scheduling driving and working hours of drivers may

lead to infringements and/or delayed arrival times due to required breaks and rest

periods that have not been scheduled. Consequently, road transport undertakers

must ensure that truck driver schedules comply with regulation (EC) No 561/2006.

Scheduling working hours of truck drivers differs significantly from airline crew

scheduling and driver scheduling in rail transport or mass transit systems which are

covered by a comprehensive annotated bibliography by Ernst et al. (2004). The

difference stems from the fact that in road freight transportation it is usually

possible to interrupt transportation services in order to take compulsory breaks and

rest periods. Furthermore, time constraints in road freight transport are usually not

as strict and departure and arrival times can often be scheduled with some degree of

freedom.

Perhaps the first work considering a combined vehicle routing and truck driver

scheduling problem is the work by Savelsbergh and Sol (1998), who consider a

problem in which lunch breaks and night breaks must be taken within fixed time

intervals. The first work explicitly considering working hour regulations imposed by

government agencies is the work of Xu et al. (2003). They conjecture that

determining a minimal cost truck driver schedule complying with US hours of

service regulations is NP-hard in the presence of multiple time windows. Archetti

and Savelsbergh (2009) present an algorithm for scheduling driving and working

hours of truck drivers in the presence of single time windows and US hours of

service regulations. They prove that their algorithm finds a feasible truck driver

schedule for a sequence of k locations to be visited within single time windows in

O(k3) time if one exists. Goel and Kok (2010) present more efficient algorithms

which are able to find feasible truck driver schedules in O(k2) time. Although

restrictions imposed by US hours of service regulations share some similarities with

European legislation for team drivers, there are several differences. For example,

European legislation requires that a new daily rest period is completed within 30 h

after the end of the last rest period. Furthermore, US regulations do not allow to

exceed the standard limit on the daily driving time. Thus, the methods developed by

Archetti and Savelsbergh (2009) and Goel and Kok (2010) cannot be used for the

European case.

European Union regulations for driving and working hours of truck drivers are

receiving increasing attention because motor carriers and shippers can be made

liable for infringement committed by the drivers. Goel (2009a), Kok et al. (2010),

and Goel (2010) present methods for generating truck driver schedules for vehicles

manned by a single driver. Goel (2009b) studies the scheduling problem for team

truck drivers in the European Union focusing on the standard driving time limit
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imposed by European regulation. Goel (2009b) identifies some structural properties

of the truck driver scheduling problem and presents a depth-first search algorithm.

This paper shows that by carefully exploring the search space the truck driver

scheduling problem can be solved in O(k2) time. Furthermore, we show that the case

where team drivers may exceed standard daily driving time limits can be tackled

without increasing the complexity.

The remainder of this paper is organised as follows. Section 2 describes the

driving hour regulations for team drivers in the European Union. Section 3

introduces the truck driver scheduling problem and some definitions required

throughout this paper. Section 4 presents an enumeration method for determining

truck driver schedules in a so-called normal form. Section 5 presents a depth-first-

breadth-second search method which can find a schedule complying with standard

daily driving time limit in O(k2) time if one exists. Section 6 shows that the depth-

first-breadth-second search can also be used to find schedules complying with

regulation (EC) No 561/2006 if standard daily driving time limits may be exceeded.

Section 7 concludes this paper.

2 Regulation (EC) No 561/2006

This section describes relevant provisions of regulation (EC) No 561/2006 for

vehicles continuously manned by two drivers. Regulation (EC) No 561/2006

distinguishes between four driver activities: rest periods, breaks, driving time, and

other work. Rest periods are periods of at least 9 h during which drivers may freely

dispose of their time. During rest periods, the vehicle must remain stationary,

implying that both drivers must take their rest period simultaneously. Breaks are

short periods exclusively used for recuperation, during which a driver may not carry

out any work. During break periods, the vehicle does not have to remain stationary

and one driver may take a break while the other is driving. Driving time refers to the

time during which a driver is operating a vehicle and includes any time during

which the vehicle is temporarily stationary due to reasons related to driving, e.g.

traffic jams. Other work refers to any work except for driving and includes time

spent for loading or unloading, cleaning and technical maintenance, customs, etc.

According to regulation (EC) No 561/2006, a daily rest period of 9 hours must be

completed within 30 h after the end of the previous rest period. The standard set of

rules constrains the accumulated driving time of each driver between two

consecutive rest periods to at most 9 h. Thus, the accumulated driving time of

both drivers is limited to 18 h. Twice a week, however, each driver may drive up to

at most ten hours between two consecutive rest periods. Thus, the accumulated

driving time of both drivers is limited to 18 h if no driver makes use of extended

driving times, to 19 h if one of the drivers makes use of extended driving times, and

to 20 h if both drivers make use of extended driving times.

As illustrated in Fig. 1, regulation (EC) No 561/2006 has a big influence on total

travel times since a big part of total travel times results from periods in which the

vehicle is not moving. In this paper, we consider a planning horizon of one week

and assume that limits on the weekly amount of driving and working are complied
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with. A full description of the regulation including limits on the weekly amount of

driving and working can be found in European Union (2006).

3 The truck driver scheduling problem

Let us consider a sequence of locations denoted by n1; n2; . . .; nk which must be

visited by a double manned vehicle. At each location nl some stationary work of

duration wnl must be conducted. This work must begin within a time window

denoted by the interval ½tmin
nl
; tmax

nl
�. We assume that n1 corresponds to the vehicle’s

location at time zero and that drivers complete their work week after finishing work

at location nk. The (positive) driving time required for moving from node nl to node

nl?1 is denoted by dl,l?1.

The truck driver scheduling problem is the problem of scheduling driving,

working, break, and rest periods in such a way that all locations are visited within

the given time windows and that driving and working hours of the truck drivers

comply with applicable legislation. As illustrated in Fig. 1, one driver can take a

break while the other is driving. Therefore, we do not explicitly consider the

problem of scheduling break periods and we assume that compulsory breaks for

each driver can be determined after the periods in which one of the drivers is driving

are scheduled.

Let us denote with DRIVE any period in which either of the drivers is driving,

with WORK any period of work during which the drivers are not driving, with REST

any rest period of at least 9 h, and with IDLE any other period which is neither

regarded as driving, work, or rest period.

Throughout this paper, we assume that at the beginning of the planning horizon

both drivers return from a rest period long enough, such that previous activities have

no effect on the amount of driving and working within the planning horizon.

Furthermore, we assume that break and rest periods can be taken anywhere. In the

case where drivers must not take extended daily driving times, the following

parameters are given by the regulation:

• The minimum duration of a rest period is trest: = 9 h

• The maximum amount of time that may elapse after the end of a rest period until

the next daily rest period is completed is tday: = 30 h

• The total maximum accumulated driving time of both drivers between two rest

periods is tdrive: = 18 h

The general case in which daily driving times may exceed the standard limits is

covered in Sect. 6.

DRIVE

BREAK

4 1
2 h

BREAK

DRIVE

4 1
2 h

DRIVE

BREAK

4 1
2 h

BREAK

DRIVE

4 1
2 h

REST

REST

9h

Fig. 1 Driving times, breaks, and rest periods for vehicles manned by two drivers
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A schedule can be specified by a sequence of activities to be performed by

the drivers. Let A :¼ a ¼ ðatype; alengthÞ j atype 2 fDRIVE; WORK; REST; IDLEg;
�

alength [ 0g denote the set of activities that may be scheduled. Let � :� be an

operator that concatenates different activities. Thus, a1:a2: . . . :ak denotes a schedule
in which for each i 2 f1; 2; . . .; k � 1g activity ai?1 is performed immediately after

activity ai. For a given schedule s :¼ a1:a2: . . . :ak and i; j 2 f1; 2; . . .; kg let si;j :
¼ ai:aiþ1: . . . :aj denote the partial schedule composed of activities ai to aj. Unless

otherwise stated, in the remainder of this paper, we assume that a1 to ak denote the

activities of a schedule s, i.e. we assume that s ¼ a1:a2: . . . :ak:
For the ease of notation and without loss of generality, we assume that each

schedule begins with a rest period and that tmin
n1

[ trest: Let us now define some

properties of a schedule s ¼ a1:a2: . . . :ak: Within the scope of the following

definitions let i :¼ maxfi0 j 1� i0 � k; atype
i0 ¼ RESTg denote the index of the last rest

period in the schedule.

• The completion time of the work plan is

lend
s :¼

X

1� j� k

alength
j

• The accumulated driving time since the last rest period is

ldrive
s :¼

X

i\j� k
a

type

j
¼DRIVE

alength
j

• The time of completion of the last daily rest period is

llast rest
s :¼ lend

s1;i

With this notation we can now give a definition for feasible truck driver

schedules for a tour h :¼ ðn1; . . .; nkÞ: Let us consider a sequence of activities

a1; a2; . . .; ak which contains exactly k stationary work periods. Let us denote with

i(l) the index corresponding to the lth stationary work period, i.e. ai(l) corresponds

to work performed at location nl. For any 1 B i B k with a
type
i ¼ WORK let us denote

with n(i) the respective location in tour h, i.e. n(i(l)) = nl.

Definition A schedule s ¼ a1:a2: . . . :ak is a feasible schedule for tour h :
¼ ðn1; n2; . . .; nkÞ if and only if

X

1� j� k
a

type

j
¼WORK

1 ¼ k and
X

ið1Þ� j\iðkÞ
a

type

j
¼DRIVE

alength
j ¼

X

1� j� k

a
type

j
¼DRIVE

alength
j ð1Þ

alength

iðlÞ ¼ wnl for each l 2 f1; 2; . . .; kg ð2Þ
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tmin
nl
� lend

s1;iðlÞ�1
� tmax

nl
for each l 2 f1; 2; . . .; kg ð3Þ

X

iðlÞ\j\iðlþ1Þ
a

type

i
¼DRIVE

alength
j ¼ dl;lþ1 for each l 2 f1; 2; . . .; k� 1g ð4Þ

ldrive
s1;i
� tdrive for each 1� i� k ð5Þ

a
length
i � trest for each 1� i� k with a

type
i ¼ REST ð6Þ

lend
s1;i
þ trest� llast rest

s1;i
þ tday for each 1� i� k with a

type
i 6¼ REST ð7Þ

Condition (1) demands that the work plan contains exactly k stationary work

periods and that all driving activities are scheduled between the first and the last

stationary work period. Condition (2) demands that the duration of the lth work

activity matches the specified work duration at location nl. Condition (3) demands that

each work activity begins within the given time window. Condition (4) demands that

the accumulated driving time between two work activities matches the driving time

required to move from one location to the other. Conditions (5) and (6) guarantee that

daily driving time limits are not exceeded and that the duration of rest periods is long

enough to start a new working day. Condition (7) guarantees that a rest period of at

least 9 hours is completed 30 h after the end of the previous rest period.

Because of condition (7) it may be required that rest periods of more than 9 h

duration have to be taken. Otherwise, the time between the completion of two

subsequent rest periods may exceed the 30 h limit. Let us now introduce the concept

of pseudo-feasibility which allows us to restrict our search to schedules in which

each rest period has a duration of trest. For any schedule s ¼ a1:a2: . . . :ak and

i ¼ max i0 j 1� i0 � k; a
type
i0 ¼ REST

� �
let

lslack
s :¼

X

i� i0 � k
a

type

i0
¼IDLE

alength
i0

denote the slack time accumulated since the end of the last rest period. Thus, ls
slack is

the maximum amount of time by which the last rest period may be extended without

increasing the completion time.

For each 1 \ j B k with atype
j ¼ WORK, we know that tmax

nðjÞ � lend
s1;j�1

is the maximum

amount by which the start of the work period at location n(j) can be postponed

without violating the corresponding time window. For any schedule s ¼
a1:a2: . . . :ak and i ¼ max i0 j 1� i0 � k; atype

i0 ¼ REST
� �

let

lpush
s :¼ min

i\j� k
a

type

j
¼WORK

lslack
si;j
þ tmax

nðjÞ � lend
s1;j�1

n o

denote the amount of time by which we can increase the duration of the last rest

period without pushing any of the work activities out of the time window. Thus, the
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maximum amount by which the duration of the last rest period in schedule s may be

extended without increasing the completion time or violating time window con-

straints is

lextend
s :¼ min lslack

s ; lpush
s

� �
:

We can now define criteria for pseudo-feasible schedules.

Definition The schedule s ¼ a1:a2: . . . :ak is a pseudo-feasible schedule for tour

h if and only if (1–6) and

lend
s1;i
þ trest� llast rest

s1;i
þ lextend

s1;i
þ tday for each 1� i� k with atype

i 6¼ REST ð70Þ

Figure 2 illustrates the idea behind replacing condition (7) by condition (7’). The

first schedule in Fig. 2 is infeasible because 25 h have elapsed since the end of the

last rest period, and thus condition (7) is violated because it is impossible to

complete a new rest period within the given limit of tday = 30 h. As ls
slack = 6 and

ls
push = 5 we know that we can increase the last rest period in the schedule by

ls
extend = 5. The schedule is pseudo-feasible because condition (7’) is satisfied. The

second schedule in Fig. 2 is a feasible schedule obtained by increasing the duration

of the last rest period in the first schedule by ls
extend = 5 (and reducing the duration

of subsequent idle periods). By increasing the duration of the last rest period, the

arrival time at the first location is increased to t1
max and cannot be increased any

further.

The following lemma tells us that the problem of finding a feasible schedule for a

given tour is equivalent to the problem of finding a pseudo-feasible schedule for the

tour.

Lemma 1 Each feasible schedule for a tour h is pseudo-feasible and each
pseudo-feasible schedule for a tour h can be transformed into a feasible
schedule for tour h.

Proof For each feasible schedule we have lextend
s1;i

� 0 for all 1 B i B k. Therefore

each feasible schedule is pseudo-feasible. Assume we have a pseudo-feasible

schedule s ¼ a1:a2: . . .: ak and that condition (7) is violated for some 1 B i B k

with atype
i 6¼ REST: Then, we can increase the length of the rest period prior to

Fig. 2 Feasible and pseudo-feasible schedules
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activity ai by lextend
s1;i

and shorten or remove subsequent idle periods respec-

tively without increasing lend
s1;i

or violating time window constraints. After this

change, condition (7) will be satisfied and no other feasibility condition will be

violated. h

Analogously to the normal form presented by Goel (2010) for vehicles manned

by a single driver, we can define a normal form for vehicles manned by a team of

two drivers. This allows us to restrict the search space in such a way that it can be

efficiently explored.

Definition A pseudo-feasible schedule s ¼ a1:a2: . . . :ak for a tour h is in normal
form if and only if for each 1 B i \ k

atype
i 6¼ atype

iþ1 ðN1Þ

a
type
i ¼ IDLE) a

type
iþ1 ¼ WORK ðN2Þ

atype
i ¼ REST and atype

iþ1 ¼ DRIVE) ldrive
s1;i�1
¼

lend
s1;i�1
¼

ðN3Þ

a
type
i ¼ IDLE) a

length
i ¼ tmin

nðiþ1Þ � lend
s1;i�1

ðN4Þ

atype
i ¼ REST) alength

i ¼ trest ðN5Þ

(N1) demands that two consecutive activities are of different type. If (N1) is

violated we can simply merge two consecutive activities of the same type. (N2)

demands that idle periods are only scheduled immediately before work periods. If

(N2) is violated we can switch the positions of the idle period and the following

activity. (N3) demands that a rest period which is followed by a driving period is

only scheduled if no additional driving activity could have been scheduled before

the rest. If (N3) is violated we can schedule a part of the following driving activity

before the rest. (N4) and (N5) demand that the duration of all idle and rest periods is

as short as possible. If either of the conditions is violated we can reduce the length

of that period.

Analogously to Goel (2010) it can be shown that each pseudo-feasible schedule

can be converted into a pseudo-feasible schedule in normal form. Thus, the truck

driver scheduling problem can be reduced to the problem of finding pseudo-feasible

schedules in normal form.

4 Enumeration

This section presents a method for determining all pseudo-feasible schedules in

normal form. The trip calculation method illustrated in Fig. 3 can be used to

determine the activities to be performed to reach the next destination. The trip

calculation first determines the maximum amount of driving until either the next
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destination is reached or a rest period must be scheduled. Then a driving activity is

appended to the schedule. If the next destination is not yet reached a rest period is

scheduled and the trip calculation method determines the duration of the next

driving period. This process is continued until the next destination is reached.

We can now enumerate all pseudo-feasible schedules in normal form. For each

1 B l B k let us denote with Anl and Bnl sets of pseudo-feasible schedules for the

partial tour ðn1; n2; . . .; nlÞ: Anl only contains schedules in which the last work

activity is not preceded by a rest period and Bnl only contains schedules in which

the last work activity is preceded by a rest period. Let Ânl and B̂nl denote sets of

schedules used to determine Anl and Bnl : Let us set An1
:¼ ; and Bn1

:¼
fðREST; trestÞ:ðIDLE; tmin

n1
� trestÞ:ðWORK;wn1

Þg: For any pseudo-feasible schedule s

for a partial tour let us denote with q(s) the output of the trip calculation method

illustrated in Fig. 3. For each 1 \ l B k let

Ânlþ1
:¼ qðsÞ:ðWORK;wnlþ1

Þ j s 2 Anl [ Bnl ; t
min
nlþ1
� lend

qðsÞ � tmax
nlþ1

n o
[

qðsÞ:ðIDLE; tmin
nlþ1
� lend

qðsÞÞ:ðWORK;wnlþ1
Þ j s 2 Anl [ Bnl ; l

end
qðsÞ\tmin

nlþ1

n o

and

Anlþ1
:¼ fs 2 Ânlþ1

j lend
s þ trest� llast rest

s þ lextend
s þ tdayg

and

Fig. 3 Trip calculation method
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B̂nlþ1
:¼ qðsÞ:ðREST; trestÞ:ðWORK;wnlþ1

Þ j s 2 Anl [Bnl ; t
min
nlþ1
� lend

qðsÞ þ trest� tmax
nlþ1

n o
[

qðsÞ:ðREST; trestÞ:ðIDLE; tmin
nlþ1
� lend

qðsÞ � trestÞ:ðWORK;wnlþ1
Þ j s 2 Anl [Bnl ;

n

lend
qðsÞ þ trest\tmin

nlþ1

o
:

and

Bnlþ1
:¼ fs 2 B̂nlþ1

j lend
s þ trest� llast rest

s þ lextend
s þ tdayg

Lemma 2 For each 1 B l B k the set of all pseudo-feasible schedules in normal
form for tour hl :¼ ðn1; . . .; nlÞ is Anl [ Bnl :

Proof For l = 1 the schedule s 2 Bn1
is the only pseudo-feasible schedule in

normal form. Assume the statement is true for some l\ k. We show that the

statement holds for l lþ 1: First, note that each pseudo-feasible schedule in

normal form for hl?1 must be an extension of a pseudo-feasible schedule in normal

form for hl. Thus, Anlþ1
[ Bnlþ1

only contains feasible extensions of schedules in

Anl [ Bnl . Because of the normality conditions we know that idle periods are taken

as late and as short as possible and that driving periods are taken as early as

possible. Rest periods are only taken when required to continue driving or after

arriving at the next customer location. Thus, any pseudo-feasible schedule in normal

form for tour hl?1 which starts with a partial schedule s 2 Anl [ Bnl must continue

with the activities determined by the trip calculation method until location nl?1 is

reached. If lend
qðsÞ\tmin

nlþ1
then q(s) must continue with an idle period of minimum

duration or a rest period. In the latter case, the rest period may be succeeded by an

idle period of minimum length until the time window opens. After that, the next

work period must be scheduled. If lq(s)
end C tmin

n_l?1 then q(s) must continue with the

next work period or a rest period. In the latter case, the rest period must be

succeeded by the next work period. Thus, Anlþ1
[ Bnlþ1

contains all pseudo-feasible

schedules in normal form for tour hl?1. By definition all schedules in Anlþ1
[ Bnlþ1

are pseudo-feasible and in normal form. h

Figure 4 illustrates an example of the search tree obtained when enumerating all

schedules in Anl [ Bnl for all 1 B l B k. The only pseudo-feasible schedule in this

example is obtained by scheduling a rest period after the first two hours of driving.

All other schedules violate the time window constraints of the fifth location. Each

pseudo-feasible schedule in normal form for a partial tour ðn1; n2; . . .; nlÞ is

extended in at most two ways to generate a pseudo-feasible schedules in normal

form for the partial tour ðn1; n2; . . .; nlþ1Þ. Therefore, generating all pseudo-feasible

schedules in normal form for tour ðn1; n2; . . .; nkÞ may result in a search tree with up

to 2k-1 leaves. In general, it is not efficient to completely enumerate the tree. In order

to efficiently solve the truck driver scheduling problem we need to constrain the

number of schedules which may be part of a solution. Let SðhÞ denote the set of

pseudo-feasible schedules for a tour h :¼ ðn1; n2; . . .; nkÞ and for any schedule s let
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Sðh; sÞ :¼ fŝ j s:ŝ 2 SðhÞg

denote the set of schedules ŝ for which s:ŝ is a pseudo-feasible schedule for tour h.

Definition Let h :¼ ðn1; n2; . . .; nkÞ and for each 1 B l B k let hl :¼
ðn1; n2; . . .; nlÞ: A schedule s0 2 SðhlÞ dominates s00 2 SðhlÞ if some schedule ~s
exists such that

~s:ŝ 2 Sðh; s0Þ for all ŝ 2 Sðh; s00Þ:

Thus, if s00 is dominated by s0 we know that for any ŝ for which s00:ŝ is a pseudo-

feasible schedule for tour h there exists a schedule ~s for which s0:~s:ŝ is a pseudo-

feasible schedule for tour h. Thus, it suffices to search for schedules in Sðh; s0Þ and

we do not need to consider the dominated schedule s00 in our search for a feasible

schedule for h.

Lemma 3 Schedule s0 2 SðhlÞ dominates s00 2 SðhlÞ if

lend
s0 � lend

s00 and ldrive
s0 � ldrive

s00 and llast rest
s0 þ lslack

s0 � llast rest
s00 þ lslack

s00 and

llast rest
s0 þ l

push
s0 � llast rest

s00 þ l
push
s00

Proof If lend
s0 ¼ lend

s00 any activity a that can be appended to the schedule s00 without

violating constraints (1) to (6) and (7’) can be appended to the schedule s0 without

violating constraints (1) to (6) and (7’). After appending a, the conditions of the

lemma equally hold for s0.a and s00.a. Thus, any sequence of activities that can be

appended to s00 can be appended to s0 without violating the conditions for pseudo-

feasibility. If lend
s0 ¼ lend

s00 we can set ~s :¼ ðIDLE; lend
s00 � lend

s0 Þ: We have lend
s0:~s ¼ lend

s00 and

the conditions of the lemma hold for s0:~s and s00. Thus, any sequence of activities

that can be appended to s00 can be appended to s0:~s: h

Fig. 4 Search tree

Efficient scheduling of team truck drivers in the European Union 91

123



Lemma 4 A schedule s0 2 Bnl dominates all other schedules s00 2 Anl [ Bnl with

lend
s0 ¼ lend

s00 .

Proof For each s0 2 Bnl we have ldrive
s0 ¼ 0; llast rest

s0 þ lslack
s0 ¼ lend

s0 � wnl and

llast rest
s0 þ l

push
s0 ¼ tmax

nl
: If lend

s0 ¼ lend
s00 then conditions of Lemma 3 are satisfied.

Otherwise, the conditions of Lemma 3 are satisfied for s:~s with

~s :¼ ðIDLE; lend
s00 � lend

s0 Þ: h

With these dominance criteria we do not need to enumerate the complete search

tree because many branches will not be required in our search for a feasible schedule.

5 Depth-first-breadth-second search

In this section we present a depth-first-breadth-second search (DFBSS) algorithm

which uses the dominance criteria given in the previous section to cut off branches

corresponding to dominated schedules. Figure 5 illustrates this algorithm. The

DFBSS begins with initialising for each 1 B l B k the set Snl of already known

pseudo-feasible schedules in normal form for tour hl, and the set S	nl
of schedules for

tour hl which have already been selected as input for the trip calculation method. The

set Sn1
is uniquely determined. All other sets are empty at the beginning of the

algorithm. The algorithm begins iterating with l = 1. Among all schedules in Snl

which have not yet been selected the algorithm selects the schedule s with earliest

completion time. This schedule is included in the set S	nl
of already selected

schedules and used by the trip calculation method. The set Snlþ1
of known solutions

for tour hl?1 is now updated by adding up to two schedules obtained by taking the

solution q(s) and adding a work period at the earliest possible time or adding a work

period at the earliest possible time after completion of an additional rest period. After

this update some of the schedules in Snlþ1
may be dominated and can be removed.

The DFBSS increments l and continues with the next schedule in Snl n S	nl
: If no

such schedule exists, l is reduced to the smallest value for which such a schedule

exists. The algorithm terminates when the first schedule in Snk is found or l = k.

In the example illustrated in Fig. 4 the DFBSS will first generate the schedule

illustrated at the bottom of the figure. This schedule, however, does not lead to a

(pseudo-)feasible schedule for the entire tour and we need to take another branch.

Instead of going back to the last branch, the DFBSS returns to the first branch which

is not yet traversed.

In order to find an upper bound on the number of iterations performed by the

DFBSS let us first give an upper bound on the number of schedules in Snl0 n S
	
nl0

for

each 1 \ l0 B k, i.e. the number of schedules determined by the search whose

branches are not yet explored when traversing the reference point in Fig. 5.

Lemma 5 At the reference point in Fig. 5 we have jSnl0 n S
	
nl0
j � 1 for each

1 \l0 B k.
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Proof We will first show another property of the DFBSS. In the beginning of the

DFBSS we have Anl0 \ Snl0 n S
	
nl0
¼ ; for each 1 \l0 B k. In each iteration of the

search at most two new schedules are included into the set Snlþ1
: At most one of

these two schedules is in Anlþ1
and at most one is in Bnlþ1

: If Snlþ1
n S	nlþ1

6¼ ;; then

the next schedule chosen will be the one with the smallest completion time. This

will either be the one added to Anlþ1
or a schedule in Bnlþ1

: In the first case, the

schedule will be inserted in S	nlþ1
and we have Anl0 \ Snl0 n S

	
nl0
¼ ; for each

1 \l0 B k. In the second case, the schedule added to Anlþ1
is dominated by the

Fig. 5 Depth-first-breadth-second search
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schedule with the smallest completion time because of Lemma 4. Therefore, it is

removed and we also have Anl0 \ Snl0 n S
	
nl0
¼ ; for each 1 \ l0 B k. Thus, each

time a new schedule in Anlþ1
is included in Snlþ1

it is either included into S	nlþ1
in the

next iteration or immediately removed because the schedule is dominated by a

schedule in Bnlþ1
: Concludingly, we have Anl0 \ Snl0 n S

	
nl0
¼ ; for each 1 \ l0 B k

whenever the reference point is passed.

Because of Lemma 4 we know that after removing dominated schedules jBnl0 \
Snl0 n S

	
nl0
j � 1 for each 1 \ l0 B k. Thus, combining these two properties we know

that each time the reference point is passed jSnl0 n S
	
nl0
j � 1 for each 1 \ l0 B k. h

Lemma 6 The DFBSS algorithm terminates after at most 1
2
k2 � 1

2
k iterations.

Proof Let li denote the value of l at the ith time the reference point is passed. The

search iterates at most k - li times before passing the reference point again.

Because of Lemma 5 we know that each time after passing the reference point the

only schedule in Snli n S	nli
is chosen and included in S	nli

: Thus, li \ li?1 and the

DFBSS algorithm terminates after at most

X

1�l\k

ðk� lÞ ¼ kðk� 1Þ
2

iterations. h

6 Extended daily driving times

So far we have only considered the standard limit on daily driving times. This

section shows how the method presented in the previous section can be used for

the case where the combined daily driving time may exceed the standard limit.

Twice a week each driver may exceed the standard daily driving time of 9 h and

may drive for up to at most 10 h. As we only consider a planning horizon of

one week, at most four extra hours may be taken throughout the week. As each

driver may only drive up to nine plus one hour without a rest period, the

maximum number of extra hours taken between two subsequent rest periods is at

most two.

The accumulated driving time between any two rest periods can add up to 18 h or

more at most six times within a planning horizon of at most one week (168 h),

because less than 18 h of driving can be performed after 6 9 (18 ? 9) = 162 h

since the beginning of the planning horizon. Each time the accumulated daily

driving time reaches 18 h we can decide whether the daily driving time of one or

both drivers may be extended. Let

K :¼ f j1; j2; . . .; j6ð Þ 2 0; 1; 2f g6j
X

1� i� 6

ji ¼ 4g
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denote a configuration corresponding to all the schedules complying with the

regulation in which ji denotes whether the daily driving time of no driver (ji = 0),

one driver (ji = 1), or both drivers (ji = 2) may be extended at the ith time the

accumulated daily driving time reaches 18 h. The number of different configura-

tions K equals 90 because there are 15 configurations in which 4 different daily

driving times may be extended, 60 configurations in which one daily driving time

may be extended twice and three others may be extended once, and 15

configurations in which two daily driving times may be extended twice. For each

of these configurations K, we can use the modified trip calculation method

illustrated in Fig. 6.

The modified trip calculation begins with initialising d representing the

remaining driving time required to reach the next location, and i indicating the

number of rest periods in schedule s which follow a daily driving time of 18 hours or

more. Then, the algorithm determines the duration of the next driving period based

on the daily driving time limit increased by ji?1. The modified trip calculation

continues with the same steps as in the original method and updates i in each

iteration.

As there is a constant bound on the number of configurations, we retain a

complexity of O(k2) for solving the truck driver scheduling problem with extended

daily driving times. It must be noted that it is not necessary to perform all the steps

of the DFBSS algorithm for each configuration. Instead, we can eliminate redundant

steps for similar configurations and reduce the computational effort accordingly. It

may be possible that a feasible schedule exists for various different configurations.

Depending on the application scenario we can either stop when the first feasible

Fig. 6 Modified trip calculation method
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schedule is found or we can, for example, choose among the various different

schedules the one requiring the fewest extended daily driving times.

7 Conclusions and final remarks

Scheduling of working and driving hours of truck drivers is a complex task in the

presence of legislatory constraints. Despite their importance, restrictions on drivers’

working hours have only attracted very little interest in the literature. This paper

studies truck driver scheduling problems considering the European Union regula-

tions for team drivers. A depth-first-breadth-second search algorithm is presented,

which can find a schedule complying with standard daily driving time limits in

O(k2) time if one exists. We furthermore show, that the general case in which

standard driving time limits may be exceeded, can be solved without increasing the

complexity.
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